1 The sum of two consecutive numbers can be expressed as:
n+n+1=2n+1 [n is an integer]
2n+1 is odd.

2 The product of two consecutive numbers can be written as:
n(n+1)  [n is an integer]
Either number must be even, as they are consecutive.
∴n(n+1)=2k(2k+1) or (2k+1)(2k+2)
  [k is an integer]
    Both are even.
∴n(n+1) is always even.

3 The sum of four consecutive numbers is:
n+(n+1)+(n+2)+(n+3)
=4n+6
=4(n+1)+2  [n is an integer]
The sum will always give a remainder of 2 when divided by 4.
∴It will never be a multiple of 4.

4 The sum of two odd numbers is:
(2n+1)+(2m+1)
=2(n+m+1)  [n and m are integers]
n+m+1 is an integer.
∴The sum is always even.

5 Let n be any integer.
LHS) n²+n+(n+1)
       =n²+2n+1
       =(n+1)² 
RHS) (n+1)² 
LHS=RHS 
∴This pattern is true for any integer.

6 The square of an odd number can be written as:
(2n+1)²
=4n²+4n+1
=2(2n²+2n)+1  [n is an integer]
2n²+2n is an integer 
∴The square of an odd number is also odd.

7 The product of two square numbers can be written as:
n²m²=(nm)²  [n and m are integers]
nm is an integer
∴The product of two square numbers is always a square 

8 Final challenge:
Prove that n(n-1)(2n-1) is always a multiple of 6.

First, n and n-1 are consecutive; one of these must be even.
∴If n(n-1)(2n-1) is a multiple of 3, the statement is true.

n can always be written as either 3k, 3k+1 or 3k+2    [k is an integer]

i. when n=3k
n(n-1)(2n-1)
=3k(3k-1)(6k-1)
As k(3k-1)(6k-1) is an integer, n(n-1)(2n-1) is always a multiple of 3

ii. when n=3k+1
n(n-1)(2n-1)
=(3k+1)3k(6k+1)
As (3k+1)k(6k+1) is an integer, n(n-1)(2n-1) is always a multiple of 3

iii. when n=3k+2
n(n-1)(2n-1)
=(3k+2)(3k+1)(6k+3)
=(3k+2)(3k+1)(2k+1)3
As (3k+2)(3k+1)(2k+1) is an integer, n(n-1)(2n-1) is always a multiple of 3

∴For any integer of n, n(n-1)(2n-1) is a multiple of 3 and even. Hence it is always a multiple of 6.
