Fifteen Cards: live problem
Exploration and Solution by Zach Thompson age 8

To help understand the question, label the cards A-G:

_________  __________  __________  __________  __________  __________  _________
        A                   B                   C                   D                   E                    F                   G


Use a table to list what the cards need to total and record every combination possible. The Commutative Law of Addition says that 1 + 14 = 14 + 1, so remember that every option can be reversed. Note any observations as you go.

	A + B = 15
	B + C = 20
	C + D = 23
	D + E = 16
	E + F = 18
	F + G = 21

	1 + 14
	5 + 15
	8 + 15
	1 + 15
	3 + 15
	6 + 15

	2 + 13
	6 + 14
	9 + 14
	2 + 14
	4 + 14
	7 + 14

	3 + 12
	7 + 13
	10 + 13
	3 + 13
	5 + 13
	8 + 13

	4 + 11
	8 + 12
	11 + 12
	4 + 12
	6 + 12
	9 + 12

	5 + 10
	9 + 11
	12 + 11
	5 + 11
	7 + 11
	10 + 11

	6 + 9
	11 + 9
	13 + 10
	6 + 10
	8 + 10
	11 + 10

	7 + 8
	12 + 8
	14 + 9
	7 + 9
	10 + 8
	12 + 9

	8 + 7
	13 + 7
	15 + 8
	9 + 7
	11 + 7
	13 + 8

	9 + 6 
	14 + 6
	Observation: As the answer gets bigger, there are fewer possibilities.
	10 + 6 
	12 + 6 
	14 + 7 

	10 + 5
	15 + 5
	
	11 + 5
	13 + 5
	15 + 6

	11 + 4
	Observation:
I cannot use 10 twice.
	
	12 + 4
	14 + 4
	

	12 + 3
	
	
	13 + 3
	15 + 3
	

	13 + 2
	
	
	14 + 2
	Observation:
I cannot use 9 twice.
	

	14 + 1
	
	
	15 + 1
	
	

	Observation: I’ve used every number except 15.
	
	
	Observation:
I cannot use 8 twice.
	
	










Now set up a table. Start with column A and list every possible number. Work your way across, deleting any string of sums that cannot be completed.

	A
	
	B
	
	C
	
	D
	
	E
	
	F
	
	G
	Observations

	1
	+
	14
	+
	6
	+
	X
	Cannot complete column D (6+17=23)

	2
	+
	13
	+
	7
	+
	X
	Cannot complete column D (7+16=23)

	3
	+
	12
	+
	8
	+
	15
	+
	1
	+
	X
	Cannot complete column F (1+17=18)

	4
	+
	11
	+
	9
	+
	14
	+
	2
	+
	X
	Cannot complete column F (2+16=18)

	5
	+
	10
	+
	X
	Cannot complete column C (10+10=20)already used a 10 in column B

	6
	+
	9
	+
	11
	+
	12
	+
	4
	+
	14
	+
	7
	YES – IT WORKS

	7
	+
	8
	+
	12
	+
	11
	+
	5
	+
	13
	+
	X
	Cannot complete column G (13+8=21) already used an 8 in column B

	8
	+
	7
	+
	13
	+
	10
	+
	6
	+
	12
	+
	9
	YES – IT WORKS

	9
	+
	6
	+
	14
	+
	X
	Cannot complete column D (14+9=23) already used a 9 in column A

	10
	+
	5
	+
	15
	+
	8
	+
	X
	Cannot complete column E (8+8=16) already used an 8 in column D

	11
	+
	4
	+
	X
	Cannot complete column C (4+16=20)

	12
	+
	3
	+
	X
	Cannot complete column C (3+17=20)

	13
	+
	2
	+
	X
	Cannot complete column C (2+18=20)

	14
	+
	1
	+
	X
	Cannot complete column C (1+19=20)



To double check, now start with column G and list all the possibilities, then work your way across as before. The sums are a series of Venn diagrams, so you can only start at either end.
	
	A
	
	B
	
	C
	
	D
	
	E
	
	F
	
	G

	Cannot complete column C (19+4=23)
	X
	+
	4
	+
	12
	+
	6
	+
	15

	Cannot complete column C (18+5=23)
	X
	+
	5
	+
	11
	+
	7
	+
	14

	Cannot complete column C (17+6=23)
	X
	+
	6
	+
	10
	+
	8
	+
	13

	Cannot complete column E (9+9=18) already used a 9 in column F
	X
	+
	9
	+
	12

	Cannot complete column D (8+8=16) already used an 8 in column E
	X
	+
	8
	+
	10
	+
	11

	Cannot complete column A (9+6=15) already used a 9 in column D
	X
	+
	6
	+
	14
	+
	9
	+
	7
	+
	11
	+
	10

	YES – IT WORKS
	8
	+
	7
	+
	13
	+
	10
	+
	6
	+
	12
	+
	9

	Cannot complete column B (8+12=20) already used an 8 in column G
	X
	+
	12
	+
	11
	+
	5
	+
	13
	+
	8

	YES – IT WORKS
	6
	+
	9
	+
	11
	+
	12
	+
	4
	+
	14
	+
	7

	Cannot complete column B (10+10=20)already used a 10 in column C
	X
	+
	10
	+
	13
	+
	3
	+
	15
	+
	6



These two strings of numbers are possible:
6 + 9 + 11 + 12 + 4 + 14 + 7
8 + 7 + 13 + 10 + 6 + 12 + 9


However, if you were able to use more cards, you would find more possibilities.

7 + 8 + 12 + 11 + 5 + 13 + 8 is not possible because it uses a number twice. But it can be rewritten, look:

7 + 8 + 12 + 11 + 5 + 13 + (9 – 1)
7 + 8 + 12 + 11 + 5 + 13 + (6 + 2)
7 + 8 + 12 + 11 + 5 + 13 + (10 – 2)
7 + 8 + 12 + 11 + 5 + 13 + (14 – 6)
7 + 8 + 12 + 11 + (4 + 1) + 13 + (10 – 2)
7 + 8 + 12 + 11 + (6 – 1) + 13 + (10 – 2)
7 + 8 + 12 + 11 + (9 – 4) + 13 + (10 – 2)
7 + 8 + 12 + 11 + (14 – 9) + 13 + (10 – 2)

And if you carry on like this, there are many different options.


