Times Tables Shifts
Myself Shubhangee is sharing one of my students, Shaunak’s work. He is from Ganit Manthan, Vicharvatika, India. He worked on the problem independently.
Q.: Can you work out the table and the shift each time?
Yes. 

Q.: Can you explain how you worked out the table and shift each time, and why your method will always work?
This problem can be split into 2 parts: Working out the Table and Working out the Shift.
Working out the Table:
I observed the differences between the sets of consecutive numbers in the shifted times table. 
In level 1 and 2, all these differences are the same.
In level 3 and 4, all these differences are different. The table has to be the greatest possible, so we have to find the HCF (Highest Common Factor) of the differences. 
If the given sequence is 37, 17, 22, 52, 77, then the differences are 20, 5, 30, and 25. The HCF of these differences is 5, so the table is 5.
This method works because taking any two numbers in a times table and subtracting them will give a difference which is a multiple of the table. This happens because a times table is an arithmetic progression, which means a constant number (the table) is repeatedly getting added to the previous number, creating a sequence. 
If the table is 5, then creating the sequence looks like this: 5, 5 + 5, 5 + 5 + 5, 5 + 5 + 5 + 5, and so on.
If you take two numbers from the times table, you will see that the table is repeatedly getting added to the smaller number to obtain the bigger number. Therefore, the difference between two numbers in a times table is a multiple of the table. This have been said, we can say that the HCF of the differences will give us the greatest possible table. 
Let us consider the example stated above. Arranging the numbers in ascending order, we get 17, 22, 37, 52, and 77. 5 is being added to the first number to get the second number (17 + 5 = 22), 15 is being added to the second number to get the third number (22 + 5 + 5 + 5 = 37) , 30 is being added to the third number to get the fourth number (37 + 5 + 5 + 5 + 5 + 5 + 5 = 52) , and 25 is being added to the second number to get the third number (52 + 5 + 5 + 5 + 5 + 5 = 77).

Working out the Shift:
I first observed the first number of the shifted times table and the closest multiple of the times table to this number.
If the shifted times table is 30, 50, 70, 90, 110, then the table is 20, because all the differences are 20. I looked at the first number, 30, and figured the closest multiple of 20 is 20.


If the multiple is smaller than the first number of the shifted times table, then the difference of the first number of the shifted times table and the multiple is the shift up. 
Considering the above case, we can see that 20 is smaller than 30. So the difference between 20 and 30, which is 10, is the shift up.
If the multiple is greater than the first number of the shifted times table, then the difference of the first number of the shifted times table and the multiple is the shift down.
If the shifted times table is 2, 5, 8, 11, 14, then the table is 3. The closest multiple of 3 to 2 is 3. We can see that 3 is greater than 2. So the difference between 3 and 2, which is 1, is the shift down.
We can observe that the shifted times table is also an arithmetic progression, just like the times table. The differences have the same HCF, but the first, second, third, fourth, and fifth have a common difference from their closest multiple.                
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