Sitting Pretty



The diagram above shows the way that I approached the problem. I split the initial triangle into two smaller triangles and a square using the radius of the circle. Using this method we can find the area of the triangle as the sum of these three parts. 

Area of Triangle 1 = r(x – r) /2  = (rx - r²)/2

Area square 2 = r² 

Area Triagle 3 = r(y-r) /2 = (ry - r²)/2

Area 1 + Area 2 + Area 3 = (rx - r²)/2  + (ry - r²)/2  + r²

This equals the base of the triangle times height over two 

 (rx - r²)/2  + (ry - r²)/2  + r² = xy/2

Multiply by two 

(rx - r²) + (ry - r²) + 2r² = xy

Simplified… rx + ry = xy 

r(x+y) =xy

r =xy/(x+y)

1/r = (x+y)/xy = 1/x +1/y   as required 
And then I realised it would have much easier to compare the ratios of the two similar triangles’ lengths.

I.e.  (x-r)/r = r/(y-r)

r ² = (x-r)(y-r) = xy –xr-yr + r ²

0= xy – xr –yr

yr+xr = xy

r(x+y) = xy

r = xy/(x+y)

1/r = (x+y)/xy = 1/x +1/y   as required 
Familiar? Yes, but this method is much quicker. This is a classic example of how a little further thinking can save a lot of time and working out. 
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