Minhaj Ahmed
Solution to the ‘Classical Means’ Problem
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My method for proving this will revolve around the notion of similar triangles and Pythagoras’ theorem:
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The red and green triangles shown above are similar triangles as they have the same corresponding angles; therefore, the ratio of their corresponding side lengths will be the same. I have named the missing sides C, D and E.
From Pythagoras’ theorem C = √(G2-H2 ) and we also know that E = A-H as A is the radius of the circle.
Due to similarity, H/C = C/E
→ H/ (√(G2-H2 )) = (√(G2-H2))/ (A-H)
→ HA -H2 = G2 – H2
→ HA = G2
∴ H = G2/A


2i) Prove A= ½ (a+b)
We know A is the radius of the circle and the diameter= a+b
Since radius = ½ diameter, A = ½ (a+b)

ii) Prove G = √(ab)
From Pythagoras’ theorem G2 = (E+H)2 – D2    
We already know that E+H=A as it is the radius of the circle and A= ½ (a+b)
∴ E+H = ½ (a+b)
From the semicircle diagram, we know D = A – b but as A = ½ (a+b) ,                                 D = ½ a + ½ b -b = ½ a – ½ b
∴ G2 = ( ½ a + ½ b)2 – ( ½ a – ½ b)2
         = ( ¼ a2 + ½ ab + ¼ b2) – ( ¼ a2 – ½ ab + ¼ b2)
         = ½ ab + ½ ab = ab
∴ G = √ab

iii) Prove H = 2/ ( 1/a + 1/b)
We have already proved H = G2/A    As G= √ab   and      A = ½ (a+b)                                                H = (√ab)2/ (½ (a+b) )
    = ab/ (½ (a+b) )
    = 2ab/ (a+b)
    = 2/ ((a+b)/(ab))
    = 2/ ((a/ab) + (b/ab))
    = 2/ (1/a + 1/b)                  

From the semicircle diagram it is clear that A>G  as  A2 = G2+D2 (see part ii) and therefore A is the hypotenuse of the green and red triangle combined. G is the hypotenuse of the green triangle so G>H
∴ A>G>H
3) Prove Q = √((a2+b2)/2)
[bookmark: _GoBack]From the semicircle diagram, it is clear that  Q2 = A2 + D2                                                           We already know that A = ½ a + ½ b     and    D = ½ a – ½ b                                                   → Q2 = ( ½ a + ½ b)2 + ( ½ a - ½ b)2
           = ( ¼ a2 + ½ ab + ¼ b2) + ( ¼ a2 – ½ ab + ¼ b2)
           = ½ a2 + ½ b2
           = (a2 + b2)/2
∴ Q = √((a2+b2)/2)
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‘You may also like

Shades of Fermat's
Last Theorem

‘The familiar Pythagorean 3-4-5
triple gives one solution to (x-
1)7n +x"n = (x+1)"n 0 what
about other solutions for x an
integer and n=2, 3, 4 or 5?7

3 & Exhaustion

Find the positive integer
solutions of the equation
(1+1/a)(1+1/b)(1+1/c) = 2

Code to Zero

Find all 3 digit numbers.
such that by adding the
first digit, the square of the
second and the cube of the third
you get the original number, for
example 1+3°2 +5°3 = 135,

(i) Prove that H

(if) In this diagram the semicircle
has diameter a + b. Prove that the
lengths A, G and H (shown in
blue, red and green) are equal to
the three means and deduce from
the diagram the inequality

A>G>H.

a b

(iil) Prove from the diagram that the length Q is equal to the quadratic mean (or root mean
square) such that

a2 +b
Q —

Games. Visualising. Harmonic mean.
Working systematically. AM/GM inequality. Real world.

Geometric mean.





