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Solution i): 
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Solution ii):
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(Let n be the exponent)

	n=
	2n =  

	1	
	2

	2
	4

	3
	8

	4
	16

	5
	32

	6
	64

	7
	128

	8
	256

	9
	512

	10
	1024

	11
	2048

	12
	4096

	13
	8192

	14
	16384


Looking at the last digit of 2n, we find out, that 2, 4, 8 and 6 repeat permanently, so there is a cyclic order of 2, 4, 6 and 8, and we can group them systematically like shown in the following (table 2):

	Last digit is
	
	
	
	
	
	generally:
	remarks:

	2
	21
	25
	29
	213
	…
	21+4n
	n ∈  [image: ]0

	4
	22
	26
	210
	214
	…
	22+4n
	n ∈  [image: ]0

	8
	23
	27
	211
	215
	…
	23+4n
	n ∈  [image: ]0

	6
	24
	28
	212
	216
	…
	24n+4
	n ∈  [image: ]0
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b)  21+31, 23+33, 25+35, ......, 299+399 are all multiples of 5.

table 3:

	n=
	3n=

	1
	3

	2
	9

	3
	27

	4
	81

	5
	243

	 6
	729

	7
	2187

	8
	6561



table 4:

	Last digit is
	
	
	
	
	
	generally:
	remarks:

	3
	31
	35
	39
	313
	…
	31+4n
	n ∈  [image: ]0

	9
	32
	36
	310
	314
	…
	32+4n
	n ∈  [image: ]0

	7
	33
	37
	311
	315
	…
	33+4n
	n ∈  [image: ]0

	1
	34
	38
	312
	316
	…
	34n+4
	n ∈  [image: ]0




Approach:
All multiples of 5 have either 0 or 5 as their last digit. The last digit of the whole expression, which has to be nothing else than either 0 or 5, if we want it to be a multiple of 5, consists of the sum of the last digits of each summand.
Basically, 21+31, 23+33, 25+35, ......, 299+399 can generally be rewritten as 21+4n+31+4n, 23+4n+33+4n. After table 2 and 4, in 21+4n+31+4n, 21+4n ends with 2, 31+4n with 3, 2+3=5. Analog, 23+4n ends with 8, 33+4n with 7, 7+8=15. So, 21+31, 23+33, 25+35, ......, 299+399 are all multiples of 5.



c)  199+299+399 is even. 

i) 199=1 (odd)
ii) 299 : powers of 2 are always even (table 2)
iii) 399 : powers of 3 are always odd (table 4)
Since
odd+even= odd
odd+odd= even
even+even= even

i)+iii) =odd+odd= even     (iv)
ii)+iv)= even+even= even   (v)

199+299+399 =(iv)+(v)= even+even= even.





d) 199+299+399+499 is a multiple of 5.  (approach like b))

i) 199=1
ii) 299=23+4x24 (table 2, 3rd row) ends with 8
iii) 399=33+4x24 (table 4, 3rd row) ends with 7
iv) 499= (2x2)99=299x299= ……8 x ……8 (table 2) ends with 4


Last digits of i)+ii)+iii)+iv)=1+8+7+4=20. Hence, 199+299+399+499 is a multiple of 5.




e)  199+299+399+499+599 is a multiple of 5. (approach like b))

Like in d) ,additionally plus 599, which is a multiple of 5 anyway. 1+8+7+4+5=25, therefore 199+299+399+499+599 is a multiple of 5.




f) 299+399+499+599+699 is a multiple of 5. (approach like b))

table 5:

	n=
	6n=

	1
	6

	2
	36

	3
	216

	4
	1296

	5
	7776




In order to be a multiple of 5, again, it is crucial to know what should be characteristic of multiples of 5: Their last digit is either 0 or 5. By investigating each summand of 299+399+499+599+699, we discover:

i) 299 can also be written as 23+4x24. From the third row of table 2, we know, the last digit of 
               23+4x24 is 8. 
ii) In doing so, 399=33+4x24 ends with 7 (table 4).
iii)  499= (2x2)99=299x299= ……8 x ……8 (table 2), ending with 4.
iv) Now 5n: if n is odd, 5n is odd, too, ending with 5; if n is even, 5n is also even, ending with 0. 99 is an even number, hence, the last digit of 599 has to be 5. 
v) According to table 5, the powers of 6 always end with 6.

The last digit of the whole expression 299+399+499+599+699 consists of the last digits of each summand:
8+7+4+5+6=30, thus 299+399+499+599+699 is a multiple of 5.



g) 399+499+599+699+799 is a multiple of 5.

table 6:
	n=
	7n=

	1
	7

	2
	49

	3
	343

	4
	2041

	5
	16807

	6
	117649



table 7:

	Last digit is
	
	
	
	
	
	generally:
	remarks:

	7
	71
	75
	79
	713
	…
	71+4n
	n ∈  [image: ]0

	9
	72
	76
	710
	714
	…
	72+4n
	n ∈  [image: ]0

	3
	73
	77
	711
	715
	…
	73+4n
	n ∈  [image: ]0

	1
	74
	78
	712
	716
	…
	74n+4
	n ∈  [image: ]0



table 8: 
	
	endings

	399
	7

	499
	4

	599
	5

	699
	6

	799=73+4x24 (table 7)
	3

	sum of endings 
	25


last digit 5, that means, 399+499+599+699+799 is a multiple of 5.

















h) 1x+2x+3x+4x+5x is a multiple of 5 when x is odd. 


table 9: OVERWIEW         (references:  tables 2&4 and further information worked out above)


	
	possibility 1)
	2)
	3)
	4)

	1x
	1 
	x
	x
	x

	2x
	2 (if x=1+4n)
	8 (if x=3+4n)
	x
	x

	3x
	3 (if x=1+4n)
	7 (if x=3+4n)
	x
	x

	4x
	4 
	x
	x
	x

	5x
	5 
	x
	x
	x

	
	
	
	
	

	
	
	
	
	

	sum of endings
	1+2+3+4+5 = 15
	1+8+7+4+5=25
	
	


                                                     
From table 9 we learn, 1x+2x+3x+4x+5x is a multiple of 5 when x is odd.
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