Unusual long division – Square Roots Before Calculators
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The algorithm used for finding the square root of a number N is based on approximating it successively by a smaller number, and at each step in finding its next digit (from left to right).
I shall first work with integers (of course positive ones!). The first digit is obtained by solving the inequality:


x ≤ √N


x2 ≤ N

In this case x is the largest number, containing only one significant digit that satisfies this inequality. Considering [image: image2.png]N=a..a30,0,Q9



, x could be obtained also, by replacing an even number of digits (from left to right) with 0. The first digit of x is the first digit of the square root. So, x is the square root of the first group remained to the left, when groups of two digits have been separated in the initial number. 
To calculate the next digit, I should find a number y, which is the maximum number with one significant digit that satisfies the inequality:

x + y ≤ √N

or


(x + y)2 ≤ N


x2 + y2 + 2xy ≤ N


(2x+y)y ≤ N – x2
This relation is very recognisable of that when I try to find the next digit in the square root. The next digit is of course the first digit of y.
This procedure continues up to the moment when I have arrived at the units’ digit, but it could be used in the same way to find the decimals of √N by adding a pair of 0s at the end of the initial number

Now, I shall find the next digits of √40 using this method.
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In conclusion, I have found for the square root of 40, the number 6.3245. The square of 6.3245 is 39.99930025. 
