Steven Charlton


Impossible Square?
Using simple trig the lengths of the two other sides of the triangle can be calculated.  The hypotenuse of the right angled triangle is 1, and the angles 30° and 60°.
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In the triangle above the vertical side has length 
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, and the horizontal side has length 
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Suppose that a square (of side s) could be constructed from N copies of the above triangle, then the area of the square could be calculated in two ways.

The area is equal to the sum of the areas of the constituent triangles.  The area of the triangle is 
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, and so the area of the square by this method is then 
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The area of the square is also equal to the length of the side squared, so the area of the square by this method is then 
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Since both these methods measure the area of the same shape they must be equal, so 
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, and from this we find that 
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Since the square is made up of copies of the triangle, the side of the square is made up of a combination of the various sides of the triangle.  This means that the side length can be written as 
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, for some positive integers a, b and c.  Putting this all over a common denominator gives 
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.  Putting 
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, this an be written as 
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 - A, and C are still positive integers.  This cannot be simplified any further because 
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 is irrational, which means 1 and 
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 are linearly independent.
We have the side length written in two different ways, but because they represent the same quantity, they must be equal.  Hence 
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.  Simplify this as much as possible to get 
[image: image17.wmf]2

3

3

4

N

C

A

=

+

, and square both sides to find 
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, which becomes 
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.  Because 
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 is irrational meaning 1 and 
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 are linearly independent, it must be the case that 
[image: image22.wmf]0

3

2

2

=

+

C

A

, this is only possible if A and C are equal to zero.  Thus AC is equal to zero, which makes N equal to zero, which means that there are zero copies of the triangle used.
Because of this, it must be impossible to construct a square using copies of the above triangle.
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