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The sum of the first n positive integers is n(n+1)/2. I shall note the three consecutive numbers that I remove with a-1,a and a+1. Therefore, their sum is 3a.

So, the following relation in terms of n and a:
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exists.
This relation could be rewritten as follows:


n(n+1) – 6a = 15(n-3)
Now, I shall write this expression as a second-order equation:


n2 – 14n + 45-6a = 0

Its solutions will be:
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The discriminant of this equation is Δ = 16 + 24a. As n is an integer, Δ must be a perfect square, or equivalently 4 + 6a must be a perfect square. As this number is even, it is the square of an even number, 2p. I obtain:

4 + 6a = 4p2

2 + 3a = 2p2
Now it is clear that a is also even, so let a = 2b


2 + 6b = 2p2

1 +3b = p2
Now, I observe that p couldn’t be a multiple of 3, so it is either p = 3q+1 or p = 3q+2

If p = 3q+1

1 + 3b = 9q2 + 6q + 1, and b = 3q2 + 2q


a = 6q2 + 4q

If p = 3q+2

1 + 3b = 9q2 + 12q + 4, and b = 3q2 + 4q + 1



a = 6q2 + 8q + 2

Now, I shall analyse the two cases separately, and shall determine n.

In the first case, Δ = 4* (6q+2)2

n = 7 ± (6q+2)


a = 6q2 + 4q
In the second one, Δ = 4* (6q+4)2

n = 7 ± (6q+4)


a = 6q2 + 8q + 2
It is clear that n≥4, so the solutions become:


n = 9 + 6q with 6q2 + 4q – 1, 6q2 + 4q and 6q2 + 4q + 1 removed
The numbers that are removed must be smaller or equal to n, and greater than 0. So,


6q2 + 4q + 1 ≤ 9 + 6q
The only solution is q = 1. So, n = 15 and 9, 10 and 11 are removed.

and


n = 11 + 6q with 6q2 + 8q + 1, 6q2 + 8q + 2 and 6q2 + 8q + 3 removed.
As above, 6q2 + 8q + 3 ≤ 11 + 6q and therefore q=0 or q = 1. The solutions are:

n= 11 and the numbers removed 1, 2 and 3    and

n = 17 and the numbers removed are 15, 16 and 17.
If the three numbers that are removed are not necessarily consecutive, I have to analyse the three cases which arise according to the remainder of the sum of the three numbers when divided by 3.

1. If the remainder is 0, the situation is the same as if the numbers are consecutive. So, n must be of the form 9 + 6q or 11 + 6q, q≥0.
The greatest possible value for the sum of the 3 removed numbers is 3n-3. So, 3a ≤ 3n-3 or a ≤ n-1. This case was treated in the first part of the problem. 
If n = 15, the sum of the removed numbers is 30.
If n = 17, the sum of the removed numbers is 48.

2. If the remainder is 1, the sum of the removed numbers is 3a + 1.
I obtain the following relation:


n2 – 14n + 43-6a = 0



Δ = 4 (6a + 6) = 4*6*(a + 1)
This number must be a perfect square. Working in a similar manner as above, I obtain a = 6q2 – 1. 

n = 7 ± 6q
and then


n = 7 + 6q, with q ≥0 and any of the numbers must be smaller than n.
The sum of the 3 removed numbers is (18q2 – 2). This number is smaller or equal to 3n-5 (I have considered that the greatest possible numbers are removed). So,


18q2 – 2 ≤ 3(7 + 6q) -5

So, q is 1, n = 13 and the sum of the removed numbers is 16.

3. If the remainder is 2, the sum of the removed numbers is 3a + 1.


n2 – 14n + 41-6a = 0



Δ = 4 (6a+8)

Now I shall prove that this case is impossible. 6a + 8 is a perfect square, so a is even. Taking a = 2b, 6a + 8 = 12b+8 = 4(3b+2)
Now, 3b+2 must be a perfect square, which is impossible (all perfect squares are congruent to 0 or 1 mod 3).
