Aleksander Twarowski
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As we know, polynomials are one of the most flexible functions and , hence, can have very different shapes. They are probably the most flexible functions you can find, thus we can state a hypothesis that every function can be expressed as a polynomial of a n appropriately high degree. Let’s now consider sine, the functions that is very difficult to calculate and thus we usually need its approximation.
In the beginning let’s find coefficients f the following expression:
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Let’s make a few observations:

· Sine is an odd function

· Sin[0]=0

· For sufficiently small x 
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· Proof:
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For small x we have 
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· Polynomials are odd only if coefficients near even powers of  x are equal to 0.
From statements above we have:

· 
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· From the second point b=1

· From the third point c=0

After simplifications 
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.Because degree of this polynomial is rather low, we can suspect that this approximation will be sufficient for 
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. After easy calculations we obtain that 
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Of course we can use exact value, but taking into account that we only make approximations 
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 is sufficient (and even better).
To get approximation of Sin[x] using polynomials of higher degrees, we have to remember that coefficients near even powers should be equal to 0. For that reason the next degree of a polynomial that can be used here is the 5th. So now we have such approximation:
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Because this polynomial does not have high order, we can again assume that for x= 
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We can calculate that
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. Hence,
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Repeating this operation several times (for 7th degree we can use x=π) we should obtain result similar to this one (depending on accuracy chosen): 
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We can observe that it is the same as:
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, where n! is n factorial and n!=1*2*3*…*n

We can observe that it forms a certain series, where numerators of coefficient can be written as a following sequence: 0,1,0,-1,0,1,0,-1,… It can be described using the following formula.
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Hence,
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For 
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If we plot our polynomial and sine on the same graph, we would observe that the difference between them tends to be greater when x goes further form 0 (to both sides). Hence, the error of our formula in the interval [0,π] is the greatest for x= π. Then it is the difference between the value of our formula (Let’s say a the polynomial of the 9th degree) and the value of  sine.
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It is a sufficient value for most calculations, because we usually calculate using numbers rounded to two decimal places.

It is enough to make calculations within the interval [0,π], because sine is periodic (It’s period is 2 π) Although [0,π] covers only half of the period, the other half is the set of opposite numbers.

We can even narrow this interval to [0,π/2]. To obtain remaining values we can use property

sin[x]=sin[π-x].

I have also found out that the polynomial 
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 is very precise within the interval [0,π]. Its error can be estimated at the level of about 0,06, which is very small for such a simple equation.

Coming back to our polynomial. To give a hint how to obtain similar formulas for other functions it is worth mentioning that
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 is an example of the McLaurin series, which states that 
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McLaurin series is a special case of Taylor series  
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for a=0.

Now we can easily calculate such approximations for 
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But as we can suppose, formulas from above can be calculated using the same methods we used to calculate sine.
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