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As observed in the problem “Root tracker”, there are two different regions in the plane (p,q), delimited by the equation [image: image2.png]


:

a) For (p, q) outside this parabola, i. e. for  [image: image4.png]


, the graph [image: image6.png]x*+px+q




 intersects the x axis in 2 points (seen in the blue frame). More, the 2 points in the Argand diagram are located on the u-axis (real axis); the solutions are real and distinct.
b) For (p, q) on the parabola, the x-axis is tangent to the graph, the two points in the Argand diagram are overlapped and situated on the u axis. The two solutions are real and equal.
c) For (p, q) inside the parabola, the graph in the blue frame doesn’t intersect or touch the x-axis, the two points are symmetric in respect to the u-axis – complex conjugate If q is kept fixed and p is changed to describe the whole line q = q0, (with q0 >0) which lies inside the parabola, i. e. both for positive and negative p, each of the points describes a semicircle, the final figure being a circle.

All these considerations could be proved. The equation to be analysed is:

x2 + px + q = 0








(1)
The discriminant of this equation is Δ = p2 – 4q.

If Δ > 0, the 2 roots are [image: image8.png]—p=y/pi-4q



 and [image: image10.png]Zp+/ri-4g



, both being real. They correspond to two points on the x-axis on the Argand diagram – situation a) from the previous analysis.
If Δ = 0 the two points are overlapped having the x coordinate x1 = x2 = -p/2 – situation b)
If Δ < 0, the roots are [image: image12.png]


  and  [image: image14.png]


. This shows that the two roots are complex conjugates, which means that they are symmetric in respect to the x-axis in the Argand diagram – situation c). 
I study the case [image: image16.png]4g —p- =0 (A< 0)




I shall show that the two points describe a circle in the green frame as p varies. Their modules are independent of p:


[image: image18.png]]



 



(2)
As q is constant, the two modules are equal and independent of p, the two solutions are equally spaced from the origin, being situated on a circle in the Argand diagram. If u is the real part of the complex number, and v is its imaginary part, then:
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(3)
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(4)
where:
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(5)
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(6)
If have to show that if q is constant and positive, and p describes a line delimitated by the parabola [image: image28.png]


, then x1 describes half circle (corresponding to v >0), and x2 the other part, closing the circle.
In fact eqs. (5) and (6) are the parametric equations of the circle of radius [image: image30.png]


, as could be seen eliminating p between eqs (5) and (6):
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or, equivalently:
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