Robert Evans                                                                                         15th August 2007
Tuning & Ratio!
Pythagorean Tuning
The first interesting thing that I noticed was that, in the Pythagorean method of tuning, each ratio is, in some way, related to the 3/2 ratio:

C = 1/1

D = 9/8

E = 81/64

F = 4/3

G = 3/2

A = 27/16

B = 243/128

C = 2/1
Which can also be written thus:

C = 1/1

D = 32/23
E = (32/23)2
F = (32/23)2 x 28/35
G = 3/2

A = 33/24
B = 35/27
C = 2/1
First Question: 

“You might expect there to be three tones in the interval from C to F, changing the ratio by 9/8 then 9/8 again and then 9/8 a third time, that is (9/8)3. How does this compare with the ratio 4/3?”

The C to F interval has the ratio 4/3, and 3 tones beginning at C is (9/8)3  
Well 4/3 = 2048/1536

And (9/8)3  = 729/512 = 2187/1536
We now have a common denominator, and if we were to tune two adjacent piano keys to these two different ratios for the C to F interval, The first note: a perfect fourth above C, and the second note: 3 tones above C. It would result in the second note being higher than the first by an 2048/2187 ratio.

Just Intonation
	C
	D
	E
	F
	G
	A
	B
	C

	1/1 

unison 
	9/8 

tone 
	5/4 

third 
	4/3 

fourth 
	3/2 

fifth 
	5/3 

sixth 
	 ?                       
	2/1 

octave 


Second Question:

i) Find the ratio corresponding to B.
ii)  Also compare the A/D ratio with the ideal fifth (3/2).
i) Well B’s ratio is calculating by use of the fact that the interval from E to B is a perfect fifth, and a perfect fifth’s ratio is 3/2. Also E’s ratio is 5/4. Therefore:

   B

------- = 3/2 
  5/4

=> B = 15/8 

                          5/3

ii) Well A/D = ------ = 40/27 = 80/54

                          9/8

And the ideal fifth ratio = 3/2 = 81/54

Therefore if we were to tune two adjacent keys to two different A's, the first being in the ratio A/D, and the second a perfect fifth above D (in the ratio 3/2). The second A would be higher than the first by a ratio of 81/80.
Equal Temperament

Third Question:
You might expect there to be six tones and twelve semitones in an octave (because there are 12 notes) but again that is not exactly so.
 i) Find exactly how many tones there are in an octave by finding what power of 9/8 gives 2. 

ii) Find also exactly how many major thirds there are in an octave.
i) (9/8)n  = 2

=> log(9/8)n  = log2

=> nlog(9/8) = log2

                           log2

Therefore: n = ------------ = 5.88 (2 dp)

                         log(9/8)

ii) log(5/4)n = 2

=> nlog(5/4) = log2

                           log2

Therefore: n = ------------ = 3.11 (2 dp)
                         log(9/8)

Final Question:

Fill in the table using the information below:

“In the equal tempered scale, the standard tuning nowadays, these mismatches between different ratios are removed by defining the intervals differently. The tone is made a little smaller, so that there are exactly six of them in an octave. The semitone (half a tone) is a twelfth of an octave: so its ratio is (2)1/12. If, for example, the note C is tuned with a string length of 32 units then the C# is tuned with a string of length 

   30

--------- = 30.2

 (2)1/12

(to 3 significant figures). This applet by Benjamin Wardhaugh demonstrates the relationship between the string lengths and the notes. The ratio (2)1/12 is used to build up the other intervals, so that each interval is a whole number of semitones, and the ratio between its frequency and the frequency of the lowest note in the scale is given by a power of (2)1/12. For example the fifth is (2)7/12. 

Instrument tuners customarily use a logarithmic unit of measure, the cent, where 1200 cents are equal to one octave, a frequency ratio of 2/1, so that a cent is a 1200th root of 2. The table below shows the Equal tempered, Pythagorean and Just systems of tuning given in cents showing how many cents the note lies above the starting C”

Solution: In order to convert the Pythagorean & Just Intonation ratios for intervals, into the standard units of tuning ie cents, One must solve the following equation and then multiply the solution by 100 to end up with cents:

((2)1/12)n  = R, where R = The Pythagorean or Just Intonation ratio for an interval.

=>  (2)n/12  = R

=> (n/12)log 2 = log R

                  log R

=> n/12 = --------

                  log 2

Now multiplying the equation by 100 to get the solution in cents we obtain:

              1200log R

Cents = --------------

                  log 2

Here are the calculations:

	R
	
	
	
	

	Pythagorean Tuning Ratio
	Log 2
	Log R
	Log R/Log 2
	Cents

	1/1
	0.30103
	0
	0
	0

	9/8
	0.30103
	0.051153
	0.169925001
	204

	81/64
	0.30103
	0.102305
	0.339850003
	408

	4/3
	0.30103
	0.124939
	0.415037499
	498

	3/2
	0.30103
	0.176091
	0.584962501
	702

	27/16
	0.30103
	0.227244
	0.754887502
	906

	243/128
	0.30103
	0.278396
	0.924812504
	1110

	2/1
	0.30103
	0.30103
	1
	1200

	Just Intonation Ratio
	
	
	
	

	1/1
	0.30103
	0
	0
	0

	9/8
	0.30103
	0.051153
	0.169925001
	204

	5/4
	0.30103
	0.09691
	0.321928095
	386

	4/3
	0.30103
	0.124939
	0.415037499
	498

	3/2
	0.30103
	0.176091
	0.584962501
	702

	5/3
	0.30103
	0.221849
	0.736965594
	884

	15/8
	0.30103
	0.273001
	0.906890596
	1088

	2/1
	0.30103
	0.30103
	1
	1200


Now all that is left to do is to put in the values for R and fill in the table:

	
	C
	D
	E
	F
	G
	A
	B
	C

	Equal tempered scale
	0
	200
	400
	500
	700
	900
	1100
	1200

	Pythagorean scale
	0
	204
	408
	498
	702
	906
	1110
	1200

	Just intonation
	0
	204
	386
	498
	702 
	884
	1088
	1200


Solved!

