Lattice Points 

Stage:5 Challenge Level:

(1) Show that if there is one lattice point (point with integer coordinates) on the parabola 

	y=ax2


	


then there are infinitely many. 

(2) Find all the lattice points on the hyperbola 

	x2  y2 = 84.



	


(1)

As an integer times an integer is always an integer, then if x is a positive integer, x2 must be. 

This means that if “a” is a rational number, then y must be an integer at some point. E.g if it was y=0.25x2, then when x = 2, y = 1; when x = 4, y = 4, and the list goes on. However, if it were y=(x2 i.e “a” is an irrational number, then there will be no lattice points on the parabola. 

(2) 

You can simplify x2  y2 = 84 into (x + y)(x – y) = 84.

Therefore (x + y)*(x – y) must equal 84. 

For x and y both to be integers, then (x + y) and (x – y) must both be integers, because  x–y = an integer ( where x and y are both integers ). 
The positive, integral factors of 84 are 1, 84; 2, 42; 3, 28; 4, 21; 6, 14 and 7, 12.
However, we can eliminate all the pairs with an odd and even number in because 

Odd + even = odd = even + odd

Odd + odd = even = even + even 

Odd / 2 = an integer + 0.5

Even / 2 = an integer

This means that because the average of an odd and even number is an integer + 0.5. Therefore x and y would have to be two integers + 0.5  

E.g. (84 + 1) / 2 = 42.5   Therefore the x = 42.5 and y = 41.5, because the average of 84 and 1 is 42.5, so x must be that and y must be 84 – 42.5 = 41.5. This doesn’t work because this is not a lattice points – they are numbers with a fraction after. 

This means we can cancel out all the remaining pairs of factors leaving us only 
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6, 14 and 2, 42. 

We can do the same thing with these 

(14 + 6) / 2 = 10 = x          y  = 14 – 10 = 4 

As (+x) 2 =  (-x) 2 , then the four solutions are 
Also 
(42 + 2) / 2 = 22 = x          y  = 42 – 22 = 20 

As (+x) 2 =  (-x) 2 , then the four solutions are 
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These work – 
(-)222 – (-)202 = 284 – 200 

= 84

And

(-)102 – (-)42 = 100 – 16 

= 84

Therefore there are only 8 lattice points on the hyperbola x2  y2 = 84 
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