Counting Factors
Part 1
Supposing a number N has the prime factors x^ a, y^ b, we can say that the number of factors N has is (a+1)*(b+1) using combinations(Charlie’s table given in the question) . As there are a+1 number of x(s) we can take to multiply with b+1 number of y(s). So (a+1)(b+1) would give us the total number of possible multiplications we could carry out to give us different factors of N.
So we can say that all of the following hold true:
2575 has 24 factors as (2+1)*(1+1)*(3+1) = 24
217530 has 24 factors as (1+1)*(3+1)*(2+1) = 24                                                                                      
312500 has 24 factors as (7+1)*(2+1) = 24
690625 has 24 factors as (1+1)*(1+1)*(5+1) = 24
94143178827 has 24 factors as (23+1) =24
Part 2 (a)
 To find the smallest number with exactly 14 factors we must make sure the product of all the exponents (+1) of the prime factors give us 14. As factors of 14 are (1, 14) and (2, 7), it would be wiser to use the (2, 7) pair to form the exponents as it is more distributed which will help in making the number smaller. To get the smallest possible number, we might have to use the smallest possible prime base, which would be 2 and 3. This should give us a final answer of 2^6 and 3^1 which would give us product of 192. Therefore, 192 is the smallest number with 14 factors.
Part 2 (b)
To find the smallest number with exactly 15 factors we must make sure the product of the exponents (+1) of the prime factors give us 15. The factors of 15 are (1, 15), (3, 5). Again, (3, 5) would be a better option if we want to obtain a small number. So we take the smallest primes for bases and assign the biggest exponent to the smallest base to get a small number. In this case we get (2^4)*(3^2) =144
Part 2 (c)
To find numbers with exactly 18 factors we must make sure the product of all the exponents (+1) of the prime factors give us 18. The factors of 18 include (1,18) (2,9) (3,6). We can further prime factorise the last two pairs to give us (2, 3, 3). Smaller the exponent the lesser the value is going to be. So we will take (2, 3, 3) as the exponents. We will take the first three primes as bases i.e. 2 3 & 5. This will give us a final answer of (2^2)(3^2)(5). This leaves us with 180.
Part 2 (d)
Numbers which are perfect squares will have an odd number of factors as one number will be repeated whilst writing down its factor pairs.
E.g.  Let’s consider 16= 2^4  (1, 16) (2, 8) (4, 4)
So 16 has a total of 5 factors as 4 is repeated twice. This holds true for all other perfect squares.
Extension
Part 1
Prime factorising 100 gives us (2*2*5*5), now we can assign the smallest prime bases to the largest powers, which will give us (2^4)*(3^4)*(5)*(7)=45360.
Part 2
As multiplication tends to give a greater result than addition, we must spread the exponents into as many bases as possible. This can be illustrated with the below example:
2^9 will give us 10 factors whereas (2^4)(3^3) (which is lesser than 2^9) will give us 20 factors as (9+1) is smaller than (5*4).
The maximum possible prime bases I found to be were all the primes until 7 i.e. 2,3,5,7 as the addition of 9 would exceed the limit. As there was still quite some room to reach the limit, I decided to increase the power of two (as tampering with the power of 3 or any other base would cross the limits) to make it three which gave me a final prime factorisation of (2^3)(3)(5)(7). This left me with an answer of 840 with 32 factors.
