“Rationals Between…” Solution

As a way of helping students that may have initially approached this problem incorrectly, as I did, I have included my incorrect work. To clarify, this incorrect work will be underlined and bolded. The correct answer is italicized at the end of the paper. 

First, I started by writing out both the exact numbers and the decimal approximations of the bounds, √65 and √67.

√65 ≈ 8.0622578
√67 ≈ 8.1853528

Knowing that the fraction that I used had to be slightly greater than eight, I decided that an equation such as (8n+1)/n would reveal the numbers that both fulfilled and did not fulfill the parameters. This equation allowed me to see whether or not the 1/n was enough to be greater than .0622578 and less than .1853528, while also including the 8n/n to pair the 8 with the two decimal bounds.

An Initial Examination:


	Number (n)
	(8n+1)/n
	Parameter Satisfaction

	1
	9.00
	No

	2
	8.50
	No

	3
	8.33
	No

	4
	8.25
	No

	5
	8.20
	No

	6
	8.1666666
	Yes

	7
	8.1428571
	Yes

	8
	8.1250000
	Yes

	9
	8.11111111
	Yes

	10
	8.1000000
	Yes

	11
	8.0909091
	Yes

	12
	8.0833333
	Yes

	13
	8.0769231
	Yes

	14
	8.0714286
	Yes

	15
	8.0666667
	Yes

	16
	8.0625000
	Yes

	17
	8.0588235
	No

	18
	8.0555556
	No

	19
	8.0526316
	No

	20
	8.0500000
	No




Now, if one were to simply stop here, they would falsely conclude that when a whole number n is greater than sixteen, it will not satisfy these bounds. The failure of this equation resides in the fact that, although it demonstrated the 1/n decimal, it failed to address the possibility of numerators greater than one. This leaves the set of answers in the table above incomplete. 

To demonstrate this principle, let’s test out the initial five numbers as denominators.
When x is an integer,

x/1 will always be equal to x with the decimal of .0
x/2 will always be a number with a decimal of .0 or .5, depending on the integer.
x/3 will always be a number with a decimal of .0, .333, or .667, depending on the integer.
x/4 will always be a number with a decimal of .0, .25, .5, or .75, depending on the integer.
x/5 will always be a number with a decimal of .0, .2, .4, .6, or .8, depending on the integer.
As we can see, regardless of the number in the numerator (x), these fractions will not fit the bounds because of their decimal remainder. 

Now, if we move to another number in the table that we initially thought did not fit the bounds, we see the error with the equation. For the sake of neatness, I will only demonstrate the decimal approximations that are below the √67, which has a decimal that is approximately .1853528.
When x is an integer,

x/17 will always be a number with a decimal of .058824, .117647, 0.176471, and so on.

Now, one can clearly see that although 1/17 did not fit the bounds, there are numbers with a denominator of seventeen that do fit the bounds. This leads us to conclude that the real answer is that, the fractions of any number x/1, x/2, x/3, x/4, and x/5 will not fit in the interval √65 of √67 but, past a denominator of 5, the number of possible fractions with corresponding decimal approximations that fit the bounds is endless.

