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Begin by labelling the lengths as shown. Note that some very basic angle-chasing will show that these lines meet at 120 degrees to each other.





Now, we want to prove that the sum of these lengths is a constant for any given equilateral triangle. This sum is, of course:





x1 + x2 + x3





So, consider an arbitrary increase in x3 of say, a. This will result in a decrease in x1 and x2, to y1 and y2 respectively (see diagram). We now have a sum of:





x3 + a + y1 + y2





But how much did they decrease?





If we draw a line perpendicular to one of our original lengths (x1 or x2), such that it meets with our new point of intersection, we have a right angled triangle with angles of 60 and 30 (more angle chasing!)





It can now be seen that:





y1 = x1 – a cos(60) = x1 - a/2





and by symmetry:





y2 = x2 – a cos(60) = x2 - a/2





Therefore:





x3 + a + y1 + y2





= x3 + a + x1 - a/2 + x2 - a/2





= x1 + x2 + x3





So altering one length has no effect on the sum. 





The point P’s movement within the triangle can be represented by individual increases/decreases in the perpendiculars. Also, the rotational symmetry allows the above to be true when you increase any of the three sides (just rotate it 60 degrees!)
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