This process is expedited if we find a general formula for Tn, given n alone. The following proof is used often.

Tn = 1 + 2 + 3….+(n-1) + n

Tn = n + (n-1) +….3 + 2 + 1

2Tn = (n+1) + (n+1)….(n+1) = n(n+1) ( Tn = (1/2)(n(n+1)) (V)
From the question, it is suggested that Tn + 3Tn+1 = T2(n+1) (I). I shall verify this using the formula above and show that the LHS of (I) implies the RHS of (I):

LHS = T​n + 3Tn+1 = (1/2)(n(n+1)) + 3(1/2)((n+1)((n+1)+1))

( 2LHS = n2 + n + 3(n+1)(n+2) = n2 + n + 3n2 + 9n + 6 = 4n2 + 10n + 6

RHS = (1/2)([2n+2][2n+2+2]) ( 2RHS = (2n+2)(2n+3) = 4n2 + 10n + 6
( 2RHS = 2LHS, ( RHS=LHS QED.

There is a neat rule which connects consecutive triangular numbers which I felt was better presented in the next section:

Triangles within Squares
The question seems to suggest that (III) 8Tn +1 = (2n+1)2. To prove this general result it will be shown that the LHS of (III) leads to the RHS:

RHS = 8Tn + 1 = 8((1/2)(n(n+1))) + 1 = 4n(n+1) + 1 = 4n2 + 4n + 1
LHS = (2n+1)2 = 4n2 + 4n + 1
Hence, RHS ( LHS QED

Rules relating a triangular numbers to square numbers:

 It follows from V that 

Tn = ½(n2 + n) ( 2Tn = n2 + n 

Another rule (links with triangles within triangles): The sum of two consecutive triangular numbers is always a square number. This can be shown in a number of ways. Firstly, note that (n+1)2 – n2 = 2n+1. The nth square number is logically the sum of the differences between consecutive square numbers. Ie (n+1)2 = 1 + 3 …+(2n+1) = 1 + 3 + ….(2n-1). Two consecutive triangular numbers are Tn and Tn+1.
Tn = 1 + 2……….n

   Tn+1 = 1 + 2…..+(n+1)

Tn + Tn+1 = 1 + 3….+(2n+1) = (n+1)2
There is also a neat geometrical demonstration, by which two triangles fit to produce a square with odd sides. For a more formal proof we resort to V:

LHS = Tn + Tn+1= ½(n(n+1)) + ½ (n+1)(n+2) ( 2LHS = n2+n+n2+3n+2= 2n2 + 4n +2
RHS = (n+1)2 = n2 +2n + 1, 2RHS = 2n2 + 4n +2=2LHS
RHS(LHS QED
Another rule which relates Tn , Tn+2, Tn+1 and some square number: From above it is known that two consecutive triangular numbers have a square product. Thus Tn+1 + Tn = (n+1)2 and Tn+1 + Tn+2 = (n+2)2. ( Tn +  Tn+2 + 2Tn+1= (n+1)2 + (n+2)2. 
Pythagorean triples

Triangles within pentagons:

First, I shall assume the pentagonal number follows the general trends highlighted in the question:

P1 = 1

P2 = 1 + 4 = 1+ 3.1 + 1=1 + (3.1 +1)

P3 = 1 + 4 + 7 = 1 + (3.1 +1) + (3.2+1)

P4 = 1 + 4 + 7 + 10 = 1 + (3.1 +1) + (3.2+1) + (3.3 +1)

….

Pn = (3.0 +1) ………(3.(n-1) + 1)

From these basic sequences it is readily seen that Pn is the sum of the series of n terms, from 1 to n with the general term (3(n-1) +1). We could show this as follows:

Pn = (3.0 +1) ………(3.(n-1) + 1)= 3(0 + 1 …+(n-1) ) + 1.n = 3Tn-1 + n = 

(3/2)((n-1)(n)) + n = (½){ 3n2-3n + 2n}= (1/2)(3n2-n) = (1/2)(n)(3n-1)

It could be shown more succinctly using the formula for the sum of arithmetic series, but I will omit this; my computers sigma signs do not make for easy use.
Note that T3n-1= (1/2)(3n-1)(3n) =  3(1/2)(n)(3n-1) = 3Pn From the expression above..

Therefore, it is concluded that Pn = T3n-1/3
