In a right angled triangle, with the hypotenuse on the diameter of the circle: A
A
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By Pythagoras:

x^2 = a^2 +b^2

We wish to maximise A+B:

b= (c^2 – a^2)^1/2

f=a+b= a + (C^2-a^2)^1/2

dF/dA = 1-a/(c^2 – b^2)^1/2

0=1-a/(c^2 – a^2)^1/2

2a^2=c^2

a= c/(2^1/2)

When a= c/(2^1/2), note that a=b by the original pythagorous. Thus a+b is maximised when A=B. As the “hint” given suggested, this also coincides with maximum area. Because area equals 1/2cH, where c is constant, H is maximised when area is maximised. Area also equals 1/ab. So when H is maximised ab is maximised. Where is H maximised? By simple geometry, this point must occur on the circle, above the midpoint of the diameter. The midpoint obviously also coincides with a=b. So we conclude that area maximisation and a+b maximisation are one in the same problem.
Extending the hypothesis, take a random chord on a circle, from which we produce a triangle.




Note that whatever a and b, c and C must remain the same, as all triangles subtending the chord of length c have the same angle C. 
Now the area of this triangle is 1/2ch=1/2abSinC. As c and SinC are fixed, we can assume that maximum area corresponds with maximum height and maximum ab. But how do we know that this corresponds with maximum a+b? Well, by the law of cosines:

c^2=a^2 + b^2 – 2abCosC

After some manipulation note that:

c^2=(a+b)^2 – 2ab(1+cosC)
If we were to maximise ab (cosC is fixed), for a given c^2 we would also need to maximise (a+b)^2 and therefore also a+b. Once again, by basic geometry, maximum height is achieved above the midpoint of the chord where a=b:

c^2=2a^2 – 2a^2cosC

c^2/(2(1-cosC)) = a^2

a=b=c/(2(1-cosC))^1/2

a+b=2c/(2(1-cosC))^1/2





For the problem of maximising the quadrilateral, one simply needs to adapt the problem to 2 triangles, with a twist. Maximising ABC and ADB we get a figure similar to that above, with AD=BD and AC=BC. The corresponding areas and perimeters are easily found with the above formulae, remembering that angle D and angle C add to pi radians (cyclic quadrilateral rule), thus cosD=-cosC. For the question of maximum possible figure, consider triangles ACD and BCD. Clearly, due to AB not being the diameter AD does not equal AC and the same for BD and BC. Note to that because the length CD must correspond with the diameter, angles A and B are 90 degrees. Thus these triangles are not optimised; therefore the area of the entire figure is not optimised even though the separate triangles are. To maximise the area of the total figure AD=AC and BC=BD. As angles A and B are 90 degrees, so are D and C. Therefore, the figure inscribed must be a square, the diagonal of length 2r. As all sides are equal

2a^2=4r^2

a^2=2r^2

a=(root2)r 
Therefore perimeter is 4a, and area is 2r^2.

(Starting from scratch, if all you knew was the length of AB and the radius of the circle, you can find the cos ratio in the following way. For the family of triangles sharing AB as a base with the opposite vertex on the major arc AB, 2 of them will be right angled triangles having 2r as a side. 
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(We are assuming angle C is on the major arc AB)
Now the Cos ratio for this fixed angle c is a/h or:

[4r^2-c^2]/2r = [1-c^2/4r^2]

This can be put into the above equations.)
Sorry for the unpleasant messiness of this document…I need to invest in some maths friendly software package.
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