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In this problem, like in the “Tracking points”, one must work with segments in the Cartesian system of axes. 

I shall work with vectors in the place of segments. 

For the first question, a side of the square is defined by the vector 
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, where 
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and 
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 are the unit vectors of the axes Ox and Oy respectively. The requirement of lines between points with integer coordinates is here “translated” as vectors of the type 
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, with m and n integers (*).

In order to be able to draw a square on a coordinate grid, so that its vertices are at integer coordinates and two adjacent vertices are at points (0,0) and (1,1), it is necessary to be possible to define another vector, perpendicular on 
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, satisfying the requirement (*), and also of the same modulus as 
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. Let it be 
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, with 
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If 
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 is perpendicular on 
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, than their scalar product is zero. Using the definition of the scalar product, one obtains:
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and from the condition for the modulus:
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More, 
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 and 
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must be integers.
This means 
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The vector 
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 is either 
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, or 
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. The origin is at the end point of 
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, and so the two squares represented in the text of the problem are possible.
More general, on such a grid it is possible to draw squares of sides of length 
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, with m and n integers . In other words, the square of the side of a square on such a grid (or equivalently its area) has the property that it could be decomposed into a sum of squares.
13 satisfy this condition, while 3 do not. 

If one goes further and uses the third coordinate, let it be z and the unit vector associated to Oz be 
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,  in general a vector (joining two vertices of the grid) could be written as:
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with m, n and p integers.
In a similar way to the treatment in 2 dimensions, if the starting vector is 
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, of modulus 
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, the conditions for 
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 to be perpendicular on it and to have the same modulus are:
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One could see that there are no integer solutions for m, n and p: from the last equation, working in integers, m2, n2 and p2 must be 1, and m, n and p must be either1 or  -1. I observe that I have 3 numbers with modulus 1, so their sum cannot be 0.
So, there are no solutions for the other side of the square of area 3, although it is possible to draw segments of length 
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 from the origin to different points of the grid in 3 dimensions.
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