Just Rolling Round

To find the locus of point P, we must find the displacement of point P from its current position in Figure 1
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First, we must find the horizontal displacement of the point P from the vertical PCO (where O is the centre of the circle with radius 2r)


We can easily see that PCO will always be an isosceles triangle where PC and OC are equal in length




So now we can begin calculating displacement:

(The directions could be inverted if the smaller circle would be rolling the other way (i.e. rotation clockwise and moving anti-clockwise around the circle)

To the left, we can see that the horizontal displacement to the left from the vertical would be r*sin(P2CP), due to the anticlockwise rotation of the circle.

To the right, we can see that the horizontal displacement to the right from the vertical would be r*sin(P1OC), due to the clockwise movement of point C (which is equal to the horizontal displacement of the entire smaller circle – including point P)

Therefore, overall displacement with respect to the right side would be:

r*sin(P1OC) – r*sin(P2CP)

We can see from figure 2, that angles P1OC and P2CP are equal as the rate the centre moves clockwise is exactly the same as the rate the point P moves along the circumference anticlockwise (they movements can both be quantified as 2πr *θ/360 (where θ symbolizes angles P1OC and P2CP in this case)




Therefore, since angles P1OC and P2CP are equiangular,

r*sin(P1OC) – r*sin(P2CP) = 0

 (The directions of these displacements will change once POC and CPO exceed 180° but this will not affect the fact the there is no horizontal displacement)

So there is no horizontal displacement. 

Therefore, we know that point only moves up and down on the line PCO

For vertical displacement, we do the same thing.

The rotation of the circle will result in a vertical displacement of r*cos(P2CP)

The movement of the smaller circle with radius r will result in a vertical displacement of r*cos(P1OC)

However, this time both vertical displacements will have a downward direction (until they both change to an upward direction after P1OC = P2CP =180° (i.e. when the smaller circle reaches the other side of the larger circle (refer to Figure 1)))

So,

Vertical displacement = r*cos(P2CP) + r*cos(P1OC) = 2r*cos(P2CP)

If we differentiate this function to achieve its maximum and minimum values,

we get the equation 2r*sin(P2CP) = 0

solving, we obtain PCP = 0°, 180°

Substituting 0° and 180° into 2r*cos(P2CP),

We find that the maximum and minimum vertical displacement = 2r and -2r

Therefore the total displacement would be the difference between the highest possible and the lowest possible positions of the point P (since there is no horizontal displacement)

So total displacement = 2r + 2r = 4r

The locus of P is 4r
Figure 1
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Let this point be P1: the initial point of P (where P was in Figure 1)





Let this point be P2: the initial point of P when the circle is rotated(where P was in Figure 1 with respect to the circle – which has moved)





Rate of movement is the same. Therefore, the angle made with respect to the vertical is the same (note: the smaller circle is rolling around the larger circle as θ is changing)








