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As I am not familiar with graph theory, I first read the hint and the notes of the problem, than I looked on the web for the Maximum flow, minimum cut theorem. I found different examples, algorithms of solving such problems, as well a possible list of utilisation.

I started with the definition of terms: a cut in a network is a minimal set of edges whose removal separates the network into two components, one containing the source, and the other the sink.

Ford and Fulkerson, and independently Elias, demonstrated in 1962 that the value of the maximum flow of a directed network is the capacity of the minimum cut.
For the examples given in the problem, I’ll try to find both the maximum flow and the minimum cut.

The main difficulty with the problem is that neither the planar graph, nor the cube, are  directed networks, i.e. on each edge there is only a maximum capacity for the flow, not a direction. Due to this, in my opinion there are more problems to be solved, assigning directions to edges. I supposed that all edges starting from the source have the flow out, and the edges ending in the sink have the direction toward the sink. For all the other, there are different possibilities, maybe not 2 for each of them due to the numerical values, but in principle 2 for each of them. This gives a number of problems of 2n to be solved, n being the number of edges which do not start from the source or do not finish at the sink. 

In each case I’ll represent the oriented network chosen to be solved.
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1.  I see that in fact T is not a vertex, having only two edges meeting in U, and as it is composed from two different capacity edges, I could simplify the problem, associating to edge RT the capacity 2, minimum between 2 and 4. Another simplification could come from the fact that there are now two edges between R and T, one of capacity 1 and the other of capacity 2, which could be replaced by one edge of capacity 3 if the same direction is considered for both of them.
For the first part of the problem, I assumed the following directions: AS, AR, AQ, AP, SB, RB, RT, RUT, QP, QR, as shown in the figure. P, PT, RT, RUT, TB, RB, SB.

For finding the maximum flow, I successively found the following flows: 
	Nr.
	Path
	Flow
	Remaining (after all paths up to there)

	1
	ASB
	3
	AS – 5, SB – 0 

	2
	ASRB
	5
	AS – 0, SR – 4, RB – 5

	3
	ARB
	5
	AR – 2, RB – 0

	4
	ARUTB
	2
	AR – 0, RUT – 0, TB – 3

	5
	APTB
	2
	AP – 1, PT – 0, TB – 2

	6
	AQRTB
	1
	AQ – 0, QR – 5, RT  - 0, TB -1


The total flow is 18. The flow is indicated in green on each edge, together with the capacity (in blue).
A minimum cut is also represented on the figure, with a blue line: this cut intersects the following edges: PT, RT, RUT, RB and SB. Adding up the capacities of the cuts I obtained again 18. 

I would like to add the observation that the minimum cut is obtained when the edges where the flow equals the maximum capacity are intersected.

Another observation is that the direction of flow is very important. I solved the same problem for the direction of flow reversed only on edge RQ, and I found a maximum flow of 15 (for which I didn’t manage to find the minimum cut!). Maybe there is a maximum flow corresponding to definite directions on edges.
2. For the second part of the problem, I represented the net of the cube and I assumed the directions of the flow: AD, AB, BC, BF, DC, CG, DH, HG, FE, EH, AE, FG. Then I took the some paths of the flows, up to the moment when noting can enter G, or exit A. In the 
figure, I represented the capacities on edges (blue), the maximum flow (green)
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and a minimum cut. 
The solution could be found easier transforming the cube into a planar network. I solved the problem for this network, with source A and sink G, using the same procedure as before. 
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	Nr.
	Path
	Flow
	Remaining (after all paths up to there)

	1
	ADCG
	2
	AD – 10, DC – 0, CG – 7

	2
	AEHG
	4
	AE – 0, EH – 1, HG – 3

	3
	ABCG
	4
	AB – 4, BC – 0, CG – 3

	4
	ABFG
	3
	AB – 1, BF – 3, FG – 0

	5
	ADHG
	3
	AD – 7, DH – 0, HG – 0


So, the maximum flow is 16 (I checked at the beginning and at the end), .

Now I look for a minimum cut.
In fact, it is easier to look at the space figure to find the minimum cut. I have to divide the cube into two pieces with a plane that passes only through edges, so that vertex A and vertex G are separated by this plane. After a short inspection I found the plane shadowed in the figure, that intersects edges BC, CD, FG and GH, All flows are from A toward G, so that I have to add them, obtaining a minimum cut of 2 + 4 + 3 + 7 = 16. It easy to see that no other plane separating A and G cannot be found, for which a smaller cut would correspond.

I understood that applying this algorithm, I find only the maximum flow, but it could correspond to different flows along the edges.

The maximum flow for this network is also 16, so that the minimum cut equals the maximum flow.

6, 9





7, 7





4,





3,





5,





4,





0,





7,





3,





2,





3,





4,





3,





7,





2,





8,





7,





1,





3,





0,





2,





1,





2,





2,





5,





10,





5,





1,





3, 3





4, 4





4, 5





0, 5





3, 3





3, 6





4, 4





2, 2





5, 12





7, 8





H





G





C





F





D





E





B





A








