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Of the 5 consecutive whole numbers, set the third number as x. The problem becomes two expressions involving the difference of two squares; (x-2)(x+2)=x2-4 and (x-1)(x+1)=x2-1. Therefore the product of the outer pair will be 3 less than the product of the inner pair.
For x consecutive whole numbers, the numbers range from y and y+x-1, so the expressions become; y(y+x-1)=y2+yx-y and (y+1)(y+x-2)=y2+yx-y+x-2. Therefore the penultimate pair is always x-2 more than the final pair.
4 consecutive even numbers are of the form (x-3), (x-1), (x+1), (x+3), so their expressions are; x2-9 and x2-1, so the inner product is 8 more than the outer product. This is the same for 4 consecutive odd numbers.
With x consecutive even or odd numbers, starting with y, the relevant expressions are; y(y+2x-2) = y2+2xy-2y, and (y+2)(y+2x-4) = y2+2xy-2y+4x-8 so the inner product is 4x-8 more than the outer product.
With x consecutive multiples of y, starting with z, the expressions become; z(z+xy-y) = z2+xyz-yz, and (z+y)(z+xy-2y) = z2+xyz-yz+xy2-2y2. Therefore the inner pair is (x-2)y2 more than the outer pair. In the example, with 4 consecutive multiples, this is a difference of 2y2.
The next problem can be generalised as z+y, z+1+y ... z+x-1+y, where 0<y<1. The differences between each number of the sequence are the same for consecutive whole numbers, so it will follow the same rules, with the inner product being x-2 more than the outer product. In the example, x=4 so the difference is 2.
The next sequence has the same differences as consecutive multiples of 3, so it will follow the same rules. I have shown earlier that the difference is (x-2)y2, so with x=4, y=3, the example will have a difference of 18.
The final problem is also the same as x consecutive multiples of y, with y=0.5, x=4, z=4. This therefore has a difference of (x-2)y2 =0.5.
Possible extensions
An interesting extension would be to try non-linear sequences, for example, 5 consecutive squares would have products of; (x-2)2(x+2)2= x4-8x2+16, and (x-1)2(x+1)2= x4-2x2+1, so the inner pair is 6x2-15. More complex problems, perhaps with variable numbers of consecutive squares, would produce vary complex and interesting results.
