Begin by defining lengths OA, OB, and OC as a, b, and c respectively. Now, define areas Q, R, and S in terms of a, b, and c, using the fact that the area of a right angled triangle is the product of the two sides (other than the hypotenuse) divided by 2.

Q = ac/2

R = ab/2

P = bc/2 

Now, define lengths AB, BC, and CA, using Pythagoras’ theorem.

AB = √(a2 + b2)

BC = √(b2 + c2)

CA = √(c2 + a2)

Now apply a variation of Heron’s formula for the area of a triangle on ABC to find S. 

S2 = [(AB2 + BC2+CA2)2 – 2(AB4 + BC4 +CA4)]/16
Substitution gives:

=[((a2+b2)+(b2+c2)+(c2+a2))2 – 2((a4+2a2b2+b4)+(b4+2b2c2+c4)+(c4+2c2a2+a4))]/16

Combining like terms gives:

=[4(a2+b2+c2)2 – 4(a4+b4+c4+a2b2+b2c2+c2a2)]/16

Removing the fours and expanding the first part gives:

=[(a4+a2b2+a2c2+b4+b2c2+b2a2+c4+c2a2+c2b2)- (a4+b4+c4+a2b2+b2c2+c2a2)]/4

Many terms cancel out, leaving:

=[a2b2+b2c2+c2a2]/4
Reordering gives:

S2 =(ab/2)2 +(bc/2)2 +(ca/2)2 
As before found:

(ab/2)2 +(bc/2)2 +(ca/2)2 = R2+P2+Q2
Therefore:  

P2+Q2+R2 = S2
