Year 12 Mathematics 3CD		Callum Jorgensen
Finding Circles
The points (3,8) and (5,2) lie at the ends of a diameter of a circle. What is the equation of he circle?
The equation of a circle can be written as  where the values of  are the coordinates of the mid point. Therefore, the mid point must first be determined. This has been done below:



This is obvious, as the midpoint is found half way between the two points, so can be determined by adding the difference between the values of either x1 and x2 or y1 and y2, and adding this value to that of the original, to produce the coordinates of this midpoint. Using this formula the midpoint for these two coordinates has been determined, this is shown below.


Coordinates of midpoint = (4,5)
As a result it could be written that the equation of this circle is;

From which the values for one of the original coordinates can be substituted in to determine the value of r, as done below:

so the value for r squared is 10, therefore, the full equation can be written as;

 from which the coordinates at any point around the circle can be determined.
In the previous question, two points were enough to specify a circle. But is that always the case?
1. If we specify two (distinct) points in the plane, there is a unique circle that passes through them.
Yes, given two distinct points in a plane, there will always be a distinct midpoint which has a constant radius between itself and each point. As a result, a circle can be drawn from this midpoint, using the constant radius, which will pass through each of the two given points, regardless of their coordinates.
2. If we specify three (distinct) points in the plane, there is a unique circle that passes through them.
No, this is not always the case, as there may not always be a mid point at which the radius from each point is uniform. As a result there will not always be a unique circle that suffices all of the given points. An example of a situation where there is not a unique circle passing through 3 distinct points is shown below.




3. If we specify four (distinct) points in the plane, there is a unique circle that passes through them.
 No, this is not always the case, as there may not always be a mid point at which the radius from each point is uniform. As a result there will not always be a unique circle that suffices all of the given points. Given that there are now 4 points that have to share a common midpoint, also makes it even more unlikely (in comparison to with 3 points) that a unique circle will be able to be drawn passing through all of these points. An example of a situation where there is not a unique circle passing through 4 distinct points is shown below.










We now know that given three distinct points in the plane, there is (usually) a unique circle passing through them.

So if we are given three points, we would like to find the equation of the circle that passes through them.  How many ways can you find to do this?
A(3,2) , B(3,6) , C(5,8):
To find the equation of a circle passing through the above points, the midpoint must first be found. To do this, the points should first be plotted on a graph and the lines AB and BC drawn in. This has been done below.
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From here the midpoint at which all 3 points share a common radius must be determined, The best way to determine this is to determine the equations of the perpendicular lines to AB and BC (intersecting the lines half way between the two points. These have been worked out below:
The equation of the perpendicular to AB is simple, given that the midpoint can easily be determined visually to be (3,4). Since we know that the desired perpendicular line will intersect this point at 90 degrees and that the original lines equation is x=3, the perpendicular line bisecting this line can be said to be y=4
The perpendicular line to line BC is slightly harder to determine, however the simplest way to determine this is to first determine equation of the original line, and invert the gradient.
It can be seen on the graph that the gradient of this line is 1, so the equation to this line can be written as;

Where c is a variable that at this point is irrelevant, so does not need to be determined. From this the gradient can be reversed to give the equation for the perpendicular line of 

Where the value of c must now be determined. To do this the coordinates of the point at which the line bisects the original line BC must be determined. Given that the gradient for this line is 1, this can easily be determined by finding difference in x and y values between points B and C, halving it and adding them onto the values for the coordinates at point B. This has been done below.



Point at which perpendicular bisects BC = (4,7)
These points can then be substituted into the equation of the perpendicular line to determine the value of c and therefore the formula for the line. This has been done below:




Now that the equations of these two perpendicular lines have been determined, they can be solved using substitution, to determine the midpoint for these 3 points that produce a common, equal radius, which can then be used to determine the equation for the circle. This has been solved as follows:

Where 4
So 					


The coordinates of this midpoint are therefore (7,4).
As previously discussed, the equation of a circle is equal to  and since we now know the coordinates of the centre of the circle (midpoint), we can now substitute in values for each of the given points to determine the radius, whilst also testing the above working to determine if the radius produced in each case are equal, therefore proving that this is in fact the equation of the circle. Firstly the equation can be re written as

The points original points can then be substituted in as follows:
(3,2):


(3,6):


(5,8):


From this we can determine that the radius of this circle is equal to  and that the equation of the circle is therefore equal to;

This same process can then be applied to each of the points
A(0,4) , B(4,0) , C(−6,0)
A(−1,−5) , B(−2,2) , C(2,−1)  
A(3,3) , B(1,−2) , C(4,1)
Or any 3 points for that matter, to determine the equation of the unique circle passing through each of the 3 points, keeping in mind however, that there may not always be a unique circle that suffices all 3 points.
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