The Quintessential Proof
The quintessential proof targets a common proof, utilised commonly in branches of mathematics. This proof is Pythagoras’ Theorem. This subtopic utilises the 6,8,10 right angles triangle. This question places half circles, equilateral triangles and similar triangles on each of the sides of the 6,8,10 right angle triangle. This warm-up problem asks how each of the areas of the shapes are related to one another. 
Section 1: Warm-up
[image: http://nrich.maths.org/content/id/11483/triangles-figure0.png]1.	
This question, which is displayed in Figure 1, asks for the relationship between the blue, green and red areas. 

The area of a circle can be found by, and the area of a half circle can be determined by .



					
Figure 1

Therefore, each of the areas are as follows:
Blue  
Green 	
Red 

Therefore, the areas of each semicircle relate as the two smaller circles, the blue and green, add to the area of the blue circle. 


This question is then expanded, questioning as to what would happen if the side lengths of 6,8,10 were replaced by a,b,c.
This follows that:
Blue  
Green 	
Red

If Blue + Green=Red
This can then be factorised to: 

If you were to then multiply each side of the equation by 4, you would have created the following equation: 

Then, if each side of the equation was divided by  the following equation would result: 
The final equation is a common mathematical theorem, known as Pythagoras’ Theorem, which this overall question has requested to be found. 

[bookmark: _GoBack]2.
			 
[image: http://nrich.maths.org/content/id/11483/triangles-figure1.png]This question accompanying Figure 2 states that the blue, green and red triangles are all equilateral triangle, thus meaning that all of the side lengths are equal. Figure 2

This follows that the blue triangle must be of side lengths 6,6,6, the green triangle must be of side lengths 8,8,8, and the red triangle must be of side lengths 10,10,10. Due to them being equilateral, all of the angles in all of the triangles must be 

The area of a triangle can be determined by the equation: 



The area of the blue triangle can be determined by the following equations:
Perpendicular height =
Area of blue triangle

The area of the green triangle can be determined by the following equations:
Perpendicular height =
Area of green triangle

The area of the red triangle can be determined by the following equations:
Perpendicular height =
Area of red triangle

Therefore, it can be concluded that:.


This problem then offers the extension such that 6,8,10 side lengths will be replaced by the variables a,b,c. 

This follows that:

The area of the blue triangle can be determined by the following equations:
Perpendicular height =
Area of blue triangle

The area of the green triangle can be determined by the following equations:
Perpendicular height =
Area of green triangle

The area of the red triangle can be determined by the following equations:
Perpendicular height =
Area of red triangle

If 

If this equation is then factorised, it becomes: 

If each side of the equation is then multiplied by four, the following equation would result: 

If you were to then divide each side of the equation by  you would have the following equation result: 
This final resulting equation is the common way of expressing Pythagoras’ Theorem, which the overall problem has asked to prove, therefore, it is displayed as required by the problem. 

3. 
[image: http://nrich.maths.org/content/id/11483/triangles-figure2.png]The question associated with Figure 3 states that the blue, green and red triangles are all similar triangles. It asks what the relationship between the three areas are. Figure 3

The area of each of the triangles follows the equation:; in which the base is the side length of the 6,8,10 right angle triangle of which it is associated with, and the perpendicular height can then be determined because the question states they are similar triangles. 

The area of the blue triangle can be determined by the following equations:
If we define the perpendicular height of the blue triangle as 1unit, the area can be determined by:

The area of the green triangle can be determined by the following equations:
The perpendicular height of the green triangle can be determined by: 
The area can thus be determined by: 

The area of the red triangle can be determined by the following equations:
The perpendicular height of the red triangle can be determined by: 
The area can thus be determined by: 

The relationship between the three similar triangle’s areas can then be represented by: 

This question is then extended by questioning the relationship if the 6,8,10 right angle triangle is replaced by the variables a,b,c.

The area of the blue triangle can be determined by the following equations:
If the perpendicular height of this triangle is defined as  the area of the triangle can be determined by: 

The area of the green triangle can be determined by the following equations:
The perpendicular height of the green triangle can be determined by: 
The area can thus be determined by: 

The area of the red triangle can be determined by the following equations:
The perpendicular height of the red triangle can be determined by: 
The area can thus be determined by: 

If 

If this equation is then factorised to be on one fraction, the following equation results:

If this equation is then multiplied by  the following equation results: 

This equation is the common representation of the mathematical theorem Pythagoras’ Theorem, thus proving the relationship between the shapes attached to each side length of a right angles triangle, and is one method of proving Pythagoras’ Theorem. 

Section 2: The proof of Pythagoras’ Theorem 
In this second section of The Quintessential Proof, the ideas and proofs from Section 1: Warm-up, are to be brought together to give an overall proof of Pythagoras’ Theorem, by taking the blue and green regions of the 6,8,10 right angled triangle, which have been formed by placing a perpendicular, and comparing the two to the area of the red triangle, which is the overall area of the 6,8,10 triangle, as seen by Figure 4.
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Figure 4
Figure 7

Figure 5
Figure 6


The triangles can then be drawn individually as seen by Figure 5, Figure 6 and Figure 7, with side lengths as seen below.


These side lengths can be determined based on the following statements and equations:
These triangles are similar, due to the angle, angle, angle proof. 
The angles have been drawn in on each of the Figures above, following that: 

The similar triangle proof is as follows:
1: 
2: 	
3:  
These are similar triangles, due to the AAA proof.

The area of the blue triangle can be determined by the following operations:
Side  is the hypotenuse, of side length .
Side   can be determined by:
Side  It can be determined by 
The area can then be determined by: 
	
The area of the green triangle can be determined by the following operations:
Side  is the hypotenuse, of length .
Side  can be determined by: 
Side As seen above, it can be determined by 
The area can then be determined by: 

The area of the red triangle can be determined by the following equation: 

The relationship between the three triangle areas can then be determined by the following relationship: 

If the three sides of the 6,8,10 right angle triangle are then replaced by the variables a,b,c, the following relationships can then be determined.

The area of the blue triangle can be determined by the following operations: 
Side  is the hypotenuse, of side length .
Side   can be determined by:
Side  It can be determined by 
The area can then be determined by: 
	
The area of the green triangle can be determined by the following operations:
Side  is the hypotenuse, of length .
Side  can be determined by: 
Side As seen above, it can be determined by 
The area can then be determined by: 

The area of the red triangle can be determined by the following equation: 

The relationship between the three triangle areas can then be determined by the following relationship: 

Factorising this equation results in the following equation: 

Multiplying each side of the equation by  creates the following equation: 

If each side of the equation is then divided by  thus removing it from each side, the resulting equation is as follows: 

This equation of  is the equational representation of Pythagoras’ Theorem. The aim of this subtopic, The Quintessential Proof, was to prove Pythagoras’ Theorem in a new manner which had not been previously explored. I believe that I have done this, I have been through numerous proofs in the past, none like this one. Through rearranging equations and defining variables, the equation  was able to be reached in each of the sections of this topic. 
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