The Quintessential Proof:
In the following figure, the red, blue and green regions are all semicircles. How are their areas related?

[image: http://nrich.maths.org/content/id/11483/triangles-figure0.png]The area of any circle is  and there we know that half a circle (semicircle) must have an area of . From this, the area of the 10 unit side had an area of 39.26990817, the 8 unit side, 25.13274123, and the 6 unit side 14.12716694. At first I tried to see if they were similar to each other, where I could not find a ratio which worked. I then simplified the numbers to make it easier to determine any patterns. The 6 unit side became simplified to 9π, the 8 unit side 16 π, and the 10 unit side 25π. This made it easier to see that the two smaller units, 9π and 16π totalled to give the larger unit, 25π.

[image: http://nrich.maths.org/content/id/11483/triangles-figure1.png]c

In the following figure, the red, blue and green regions are all equilateral triangles. How are their areas related?
The area of a triangle can be determined via various methods, however, first I used the basic . I applied Pythagoras’s Theorem to determine the height, as given that the triangles were equilateral, all sides were equal and thus the equation to determine the height was c²-b²= a² where the line in the diagram bisects equally the base of the triangle and is labelled ‘a’.  b
a

10²-5² = √75 = 5√3. This was repeated for the rest of the triangles where 6²-3²= √27 = 3√3 and 8²-4²= √48 = 4√3. Once again, these triangles were demonstrated to be related via the smaller units forming the Pythagorean triad of 3,4, and 5, although above, we experienced the same, however the numbers were higher, they shared the same ratio to this problem, and thus the two smaller areas equated to the larger area. 
[image: http://nrich.maths.org/content/id/11483/triangles-figure2.png]
In the following figure, the red, blue and green regions are all similar triangles. How are their areas related?
The question itself states that the triangles are all similar, and therefore, they must be a ratio of each other given by: . Using the equation, Area=  I began at the blue region where 
0.5  6   = 3 which I then converted to  which simplified it for later. Secondly, for y, converted it to equal a value of  to make for an easier comparison later where 6y=8x (cross multiplication) and therefore. Substituting into the area equation, area of the green region was . Lastly, the red area was cross multiplied to give 6z=10x and then . Substituting into the area equation again, . Looking at the end results of the areas of the regions, once again the two smaller units,  and  total to give the larger unit, z
y
x



In this final question, you are asked to use the ideas you have learnt in the earlier questions to prove Pythagoras’s Theorem. You may not assume Pythagoras’s Theorem to be true. The blue and green regions of the figure below have been formed by dropping a perpendicular as shown. How are their areas related to the red area below?
[image: http://nrich.maths.org/content/id/11483/triangles-figure3.png]








Firstly, the area was calculated via  where the area for both triangles is  as they are congruent, determined by the congruency test of SSS. 
[image: http://nrich.maths.org/content/id/11483/triangles-figure3.png]
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From this we know that . Therefore  which leads to . Therefore y = 4.8 or . Although it didn’t work, I tried using  where  for the green region and  for the blue region. This, however, could not be possible to find the relation between the green and blue region to the red region as the areas weren’t like terms. 
Therefore I tried Heron’s Formula which is  and this calculates half the perimeter of the triangle. This leads on to . For the blue region,  and therefore the area of  which I decided was too complex. Then I realised, with the ‘warm-up’ questions, that the two similar shapes on the triangle would equate to the larger region and therefore, I tried to prove similar triangles and then solve for x. 

B

[image: http://nrich.maths.org/content/id/11483/triangles-figure3.png]Prove that x

Let the unmarked angles be .D

Let  be perpendicular to -x

 ∠BDA = ∠ADC = 90∘
Let ∠DAC = 
∠BAD + ∠DAC = 90∘ (complementary angles)
∠BAD + = 90∘A

C

 ∠BAD = (90-
∠DAC + ∠ACD + ∠ADC = 180∘ (Sum of angles in triangle = 180∘)
+∠ACD + 90∘ = 180∘
 ∠ACD = (90-)
 ∠ACD = ∠BAD = (90∘-)
∠DBA +∠ADB + ∠BAD= 180∘ (Sum of angles in triangle = 180∘)
∠DBA = 180-90-(90-) = 
 ∠DBA = ∠DAC
 (AAA)
Now that it is proven that both triangles are in fact similar, we are able to solve for x using similar proportions. ,  and therefore . Using the area equation , the blue region is  and the green region is . When these areas are totalled, the area is  which is the same area as the red triangle. 
How does this prove Pythagoras’s Theorem?
B

[image: http://nrich.maths.org/content/id/11483/triangles-figure3.png]Firstly, Pythagoras’s Theorem is simplified into the famous equation of . From the problem before, it is proven that the triangles are all similar and therefore it is possible to use similar proportions to condense into the equation. We know that  and that  due the similarity. These can be cross multiplied to become  and . These equations are added together to produce. Remembering that CA = b and that BA = a, this can be substituted into the equation so that .  The  is able to be simplified to . Looking at the diagram,  therefore the new equation is .  as labelled by the diagram is = c and therefore the final equation is , thus proving Pythagoras’s Theorem. C
D
A
a
b
c

So does this work for more than one shape if they are similar?
 The diagram below has a right-angled triangle with the same dimensions as the triangles in the previous questions. However, the square and equilateral triangle share the same base measurement where on the hypotenuse, their base measurements are 5cm each. Although not drawn in, similar squares and triangles are on the other sides with on the shorter side (6cm) the base measurements of the square and triangle is 3cm and on the (8cm) side, 4cm for each base. For this, I wish to investigate whether the two smaller areas will sum up to the larger area as demonstrated via previous 
questions as this now has more than one variable to be accounted for. Let
the area for the hypotenuse be the red region, the area for the 8cm side, green 
region and for the 6cm side, blue region. The area of the square and triangle 
for the red region is  which equates to  The green region and lastly the blue region . The green region and blue region do in fact equate to the red region and therefore with this example, the theory of Pythagoras’s Theorem works for different shapes that are still similar to each other. 
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