Wipeout

Take the numbers 1, 2, 3, 4, 5, 6 and choose one to wipe out.
For example, you might wipe out 5, leaving you with 1, 2, 3, 4, 6
The mean of what is left is 3.2
I wonder whether I can wipe out one number from 1 to 6, and leave behind five numbers whose average is a whole number... 

Ans: Yes, it is possible. If I wipe out 1, then the mean of 2 + 3 + 4 + 5 + 6 = 20 / 5 = 4. 4 is a whole number.
If I wipe out 6, then the mean of 1 + 2 + 3 + 4 + 5 = 15 / 5 = 3. 3 is a whole number.

How about starting with other sets of numbers from 1 to N, where N is even, wiping out just one number, and finding the mean?
Which numbers can be wiped out, so that the mean of what is left is a whole number?
Ans: You can always wipe out 1 or N, and the mean of what is left is a whole number.







Can you explain why?
Ans: This is my proof for the statement:

Case 1) Wiping out 1
Let us first create a variable – 
x = N/2
This is an expression of the sum of all numbers up to N (2x):
2x(2x + 1)/2
x(2x + 1)
2x^2 + x

If we wipe out 1 number from N numbers, we are left with 2x - 1 numbers.
Let us call the mean m.
m(2x – 1) = 2x^2 + x – 1
m(2x – 1) = 2x^2 +2x – x – 1
m(2x – 1) = 2x(x + 1) – 1(x + 1)
m(2x – 1) = (2x – 1)(x + 1)
m = x + 1

Because N is even, x is a whole number.
This means that x + 1 is a whole number.
Therefore, if we wipe out 1, m is a whole number.

Case 2) Wiping out N
This is an expression of the sum of all numbers up to N (2x):
2x(2x + 1)/2
x(2x + 1)
2x^2 + x

If we wipe out 1 number from N numbers, we are left with 2x - 1 numbers.
m(2x – 1) = 2x^2 + x – 2x
m(2x – 1) = x(2x + 1 – 2)
m(2x – 1) = x(2x – 1)
m = x

Because N is even, x is a whole number.
Therefore, if we wipe out N, m is a whole number.


What happens when N is odd?

Ans: When N is odd, you can wipe out (N + 1)/2 and the mean of what is left is a whole number.

I have also developed a strategy to find N and the number that is wiped out when the mean is given.
To find the number that is wiped out, we have to know N. N is either given or it can be found out using the procedure given below :
1) Round down to the nearest ____.0 or ____.5. These are two possibilities.
Use the following procedure on both the cases to find the number that is wiped out:

1)  Multiply the mean by N – 1. This is the sum of the remaining numbers. Call this number S.
2) Subtract S from N(N + 1)/2. The difference is the number that is wiped out. If the mean is a non-repeating decimal or a whole number, but the answer is a non-terminating decimal, then the case taken is wrong. Repeat the same process for the other case.  

Note: If the mean is non-terminating, repeating decimal, then make the repeating part repeat 2 or 3 times, and round off the difference.

Here are some puzzling wipeouts you might like to try:
One of the numbers from 1, 2, 3, 4, 5, 6 is wiped out.
The mean of what is left is 3.6
Which number was crossed out?
Ans: 3 was crossed out.

One of the numbers from 1 to 15 is wiped out.
The mean of what is left is 7.7˙14285˙ 
Which number was crossed out?
Ans: 12 was crossed out.

One of the numbers from 1 to N, where N is an unknown number, is wiped out.
The mean of what is left is 6.83˙
What is N, and which number was crossed out?
Ans: N is 13, and 9 is crossed out.
One of the numbers from 1 to N is wiped out.
The mean of what is left is 25.76
What is N, and which number was crossed out?
Ans: N is 51, and 38 is crossed out.
